Dense stellar systems such as globular clusters are believed to harbor merging binary black holes (BHs). The evolution of such binaries is driven by interactions with other stars, most notably, binary-single interactions. Traditionally, so-called 'strong' interactions are believed to be the driving force in this evolution. However, we recently showed that more distant, i.e., 'weak' or 'secular' encounters, can have important implications for the properties of merging BH binaries in globular clusters. This motivates more detailed understanding of the effects of secular encounters on a binary. In another previous paper, we analytically calculated expressions for the changes of the eccentricity and angular-momentum vectors taking into account second-order (SO) perturbation theory, and showed that, for highly eccentric binaries, the new expressions give rise to behavior that is not captured by first-order (FO) theory. Here, we extend our previous work to third order (TO) perturbation theory. We also include terms up to and including octupole order. The latter are nonzero for binaries with unequal component masses. In addition, we consider the effects of post-Newtonian terms, and we determine the steady-state distribution due to the cumulative effect of secular encounters by computing the associated angular-momentum diffusion coefficients, and applying the Fokker-Planck equation. Together with our previous work, the results in this paper provide a framework for incorporating the effects of distant encounters on binaries in models of cluster evolution, such as Monte Carlo codes.
INTRODUCTION
Gravitational interactions in dense stellar systems such as globular clusters can lead to the formation of a dense core with a number of tight black-hole (BH) binaries (e.g., Spitzer 1987; Portegies Zwart & McMillan 2000; Binney & Tremaine 2008; Banerjee et al. 2010; Rodriguez et al. 2015; Askar et al. 2017; Park et al. 2017) . The evolution of these BH binaries is of great importance for the understanding of BH mergers in dense stellar systems, which have received much interest in the past years with the direct detection of gravitational waves (e.g., Abbott et al. 2016b Abbott et al. ,a, 2017a . Traditionally, so-called strong encounters, which are associated with energy exchange between the binary and a passing object (a star, or another compact object) are believed to dominate the binary BH evolution. More distant encounters, with periapsis distance Q 2a, where a is the binary semimajor axis, are not believed to play an important role, since energy changes are exponentially suppressed (e.g., Heggie 1975; Roy & Haddow 2003) , and the eccentricity changes are typically small (Rasio & Heggie 1995; Heggie & Rasio 1996; Hamers 2018) .
However, in a recent paper , we showed that these more distant encounters, i.e., weak encounters of the 'secular' kind, are in fact important for some properties of merging BH binaries, such as the ratio of the number of mergers occurring inside the cluster to the number of mergers of BH binaries that are ejected from the cluster. Therefore, it is of importance to understand in more detail the effects of secular encounters on binaries in dense stellar clusters.
A seminal work addressing this topic is Heggie & Rasio (1996) , who derived expressions for the scalar eccentricity change to the quadrupole and octupole expansion orders in the ratio r/R, where r is the binary separation, and R is the perturber separation. In the secular Table 1 . Number of terms appearing in the analytic expressions for ∆e formulated using the orbital vectors e and , obtained by counting the number of terms after applying the E function in M . For the FO, SO, and TO terms in SA , we give the total number of terms (indicated with 'all') including all octupole-order terms. We also separately state the number of terms associated with different orders of the octupole parameter oct . The second and third columns correspond to parabolic (E = 1) and hyperbolic (E > 1) perturber orbits, respectively. limit, the binary's mean motion is much faster than the perturber's motion, such that it is justified to average the equations of motion (or, more fundamentally, the Hamiltonian) over the binary, resulting in the so-called 'single-averaging' (SA) equations of motion. Heggie & Rasio (1996) subsequently computed the scalar eccentricity change ∆e by integrating the equations of motion over the perturber, assuming either a parabolic or hyperbolic orbit.
In their approach, Heggie & Rasio (1996) assumed that the binary's eccentricity and angular-momentum vectors are constant during the perturber's passage. This corresponds to a 'first-order' (FO) approach in the parameter SA , which measures the strength of the perturbation (see equation 1 below). However, as we showed in  hereafter Paper I) and in , even if the binary is considered to be 'hard' in orbital energy sense, i.e., its orbital energy is much larger than the typical kinetic energy of stars in the cluster (Heggie 1975; Hut 1993; , it can be 'soft' in angular-momentum sense if its eccentricity is very high. In this case, the FO expressions can break down, i.e., the eccentricity change according to the FO theory can be such that the new eccentricity is e = e + ∆e > 1.
In reality, ∆e is such that e < 1 in the secular limit, and the behaviour can be well described by modified expressions that are second order (SO) in SA , and which were derived in Paper I. This was achieved by developing a Fourier expansion of the equations of motion in order to obtain a description of the instantaneous response of the eccentricity and angular-momentum vectors of the binary to the perturber, and substituting the resulting expressions back into the equations of motion. This approach was used in an earlier work in the context of hierarchical triples (i.e., with a bound third object) by Luo et al. (2016) . In hierarchical triples, the instantaneous response of the binary to the perturber's phase can lead to long-term modulations of the secular evolution, including orbital flips (e.g., Brown 1936; Ćuk & Burns 2004; Ivanov et al. 2005; Katz & Dong 2012; Antonini & Perets 2012; Seto 2013; Antognini et al. 2014; Bode & Wegg 2014; Lei et al. 2018; Grishin et al. 2018) .
The expressions in Paper I were valid to SO in SA , and, for simplicity, we assumed that the octupole expansion-order terms were zero, which is the case for binaries with equal component masses (m 1 = m 2 ), and/or when the perturber is very distant. Here, we extend this previous work, and derive expressions to third order (TO) in SA , and including all associated octupole-order terms. The TO terms give corrections to the lower-order terms, which can be important if SA is large (see Section 2.3 below for examples). Due to the excessive number of terms in the analytic expressions for hyperbolic perturbers (see Table 1 ), we here restrict to parabolic encounter orbits, in which case the number of terms up to including TO in SA is more manageable. Our results are incorporated into a freely-available P script (see the link in Section 2.2).
In addition, in this paper we study in more detail the effects of post-Newtonian terms combined with secular encounters (Section 3). Also, in Section 4, we study analytically the steady-state binary eccentricity distribution of cumulative secular encounters according to our analytic expressions.
THIRD-ORDER PERTURBATION THEORY INCLUDING OCTUPOLE EXPANSION ORDER TERMS

Overview
As in Paper I, we consider a binary (component masses m 1 and m 2 , with m = m 1 + m 2 ) with semimajor axis a and eccentricity e, perturbed by a third passing body with mass M and periapsis distance to the binary center of mass Q > a. We describe the binary's orientation using its eccentricity e and dimensionless angular-momentum vector , where  = √ 1 − e 2 , or, alternatively, using orbital elements (see Paper Ifor the definitions).
The perturber can be on a parabolic orbit (eccentricity E = 1), or a hyperbolic orbit (E > 1). Although we derived all results for both parabolic and hyperbolic orbits, we do not present results for hyperbolic orbits since the number of terms in this case to high orders of SA and/or including octupole-order expansion terms is excessively large. This is illustrated in Table 1 , in which the number of terms appearing in our expressions for the scalar eccentricity change ∆e is given for the first, second, and third perturbation orders SA , and for different orders of the expansion octupole parameter oct (see below for the definitions of SA and oct ). The number of terms in the case of hyperbolic orbits is close to 3 million for the 3 SA term (including all octupole-order terms). In the case of parabolic orbits, the number of terms at order 3 SA is three orders of magnitudes lower, and still manageable (at least, using computer algebra software), with 1,146 terms.
We consider secular encounters, i.e., encounters for which the perturber angular speed at all times is much lower than the binary mean motion (typically, this implies that the binary is 'hard' in energy sense). The strength of the perturber is characterized by the quantity SA , which is defined as (cf. Paper I)
(1)
For equal-mass systems (m 1 = m 2 = M) and parabolic orbits, this reduces to SA = (a/Q) 3/2 /(4 √ 3). As in Paper I, we expand the Hamiltonian in the ratio of the binary separation, r, to the perturber's separation R to the binary's center of mass, and average over the binary's orbital phase. Up to and including third order in (r/R) (i.e., octupole order), the resulting single-averaged (SA) equations of motion read
Here, θ is the true anomaly of the perturber's orbit; generally, −L < θ < L, where
Evidently, L = π for parabolic orbits. The octupole-order terms in equation (2) are associated with the 'octupole parameter' oct (analogous to the octupole parameter in hierarchical triples, e.g., Lithwick & Naoz 2011; Katz et al. 2011; Teyssandier et al. 2013; Li et al. 2014 , or more generally in hierarchical systems, Hamers & Portegies Zwart 2016) , which is defined according to
Note that the quadrupole-order terms are ∝ SA (1 + E cos θ), whereas the octupole-order terms are ∝ SA oct (1 + E cos θ) 2 . In Paper I, we focused on equal-mass binaries (m 1 = m 2 ), such that oct = 0, independent of a/Q. Here, we relax this assumption, and derive the expressions including the octupole-order terms.
Analytic results
We follow the same procedure as in Paper I (which was based on Luo et al. 2016) to derive the changes of the eccentricity and angularmomentum vectors. In summary, we develop the Fourier expansions of the equations of motion, equations (2), in terms of θ. Assuming that e and  can be written as Fourier expansions of θ, we subsequently derive relations between the Fourier coefficients of e and , and the known Fourier coefficients of the equations of motion. We then integrate the equations of motion taking into account the Fourier expansions of e and . Physically, this amounts to taking into account the instantaneous response of the binary to the perturber when calculating the net changes to the binary's orbital vectors. For more details on the procedure, we refer to Paper I. We denote the results for the changes of the eccentricity and angular momentum vectors in the following compact form,
Here, f (i) , g (i) , and h (i) (with subscripts indicating association with ∆e or ∆ ) are vector functions of the initial binary eccentricity and angular-momentum vectors (or, equivalently, the initial binary orbital elements); i in f (i) denotes the order of oct with which f (i) is associated (similarly for g (i) and h (i) ). For small eccentricity changes, the scalar eccentricity change is given by ∆e =ê · ∆e. Below, we give the explicit expressions for the relevant termsê · f (0) e , etc., up to and including TO in SA , and valid for parabolic orbits (expressed in terms of the orbital vectors). We include the complete octupole expressions for terms FO and SO in SA , whereas we do not explicitly show the octupole-order terms associated with 3 SA , since the latter expressions are excessively long. The complete expressions for the vector functions appearing in equations (5) are given explicitly in Appendix A for the case of parabolic orbits, where we exclude the octupole-order terms at TO in SA . The complete TO expressions in SA , i.e., including all octupole-order terms, are implemented in a freely-available P script 1 . 
Tests and examples
In Fig. 1 , we show an example of the scalar eccentricity change ∆e as a function of Q/a according to numerically solving the SA equations of motion, equations (2), and using the analytic expressions: FO, SO, and TO in SA . The right-hand panel is a zoomed-in version of the left-hand panel. Here, we choose the same initial conditions as in the bottom-right-hand panel of Fig. 5 in Paper I. In the latter panel in Paper I, some deviation was found between the SA and SO results. Here, we also include the TO terms, and it can be seen that the addition of the TO terms solves the (minor) discrepancy. Next, we focus on the octupole-order terms. In Fig. 2 , we adopt similar initial conditions as in Section 5.1 of Paper I, i.e., with m 1 = m 2 , such that oct = 0. In Paper I, the octupole-order corrections were only included to FO in SA (and, therefore, to FO in oct ). Consequently, there was significant deviation of the analytic prediction from the 3-body and SA integrations. Here, we include all octupole-order terms to the corresponding orders of SA , i.e., in Fig. 2 , the FO, SO, and TO lines include octupole-order terms up to and including FO, SO, and TO in oct , respectively. In the left (right)-hand panels, we set m 1 /m 2 = 1.5 (m 1 /m 2 = 10). The (non-horizontal) black dotted lines in Fig. 2 show results from the analytic SO terms without the octupole-order terms derived in this paper, and illustrate that the octupole-order contribution can be important.
As shown in Fig. 2 , the additional octupole-order terms derived here give good agreement with the SA integrations. In particular, the value of Q/a for which the sign change of ∆e occurs is accurately predicted. The bottom panels are zoomed-in versions of the top panels. In the bottom panels, it becomes clear that the TO terms give slightly better agreement with the SA integrations. The additional number of terms introduced by the TO terms is significant, however, as shown in Table 1 .
Further exploration of parameter space
Here, we explore in more detail the dependence of ∆e on the assumed parameters. In Fig. 3 , we plot ∆e as a function of the inclination i (left-hand panel) and the argument of periapsis ω (right-hand panel), for fixed other parameters (the dependence on the longitude of the ascending node Ω for the fixed other parameters is very weak, and not shown). For the chosen fixed parameters, ∆e is positive for i around 90 • , whereas ∆e < 0 if i is close to 0 or 180 • . This sign change is not captured by the FO expression, which predicts positive ∆e throughout (specifically, ∆e ∝ sin 2 i ≥ 0). Considered as a function of ω, ∆e changes sign multiple times. The FO expression predicts a simple dependence, ∆e ∝ sin 2ω, which approximately captures the dependence on ω. However, the numerical SA integrations show a more elaborate behaviour which is well captured by the SO and TO expressions. In Fig. 4 , the initial eccentricity is assumed to be e = 0.01, in contrast to e = 0.999 in Fig. 3 . The inclination dependence (left-hand panel) is now asymmetric, and this behaviour is captured by the FO, SO, and TO expressions. The detailed features as a function of ω in Fig. 3 are not apparent in the lower-eccentricity example in Fig. 4 .
In Fig. 5 , we set e = 0.99, and choose different values for the fixed ω and Ω. The scalar eccentricity change is positive for most inclinations except for small inclinations, which is captured by all analytic methods. Considered as a function of ω, ∆e shows cyclical behaviour, which is not entirely captured by the FO expression, but accurately with the higher-order expressions. For these parameters, the dependence of ∆e on Ω is no longer very weak, and is shown in the third panel of Fig. 5 . The dependence is sinusoidal, and is well captured by all analytic expressions.
POST-NEWTONIAN TERMS
Here, we consider in more detail compared to Paper I the effects of post-Newtonian (PN) terms. We restrict to the lowest-order non-dissipative PN terms, i.e., those associated with c 2 , where c is the speed of light. As is well known, averaged over the mean motion of the binary, the 1PN terms give rise to precession of e around , described by (Weinberg 1972) de dt = 3n bin r g a 1 1 − e 2 eq, where r g ≡ Gm/c 2 is the binary's gravitational radius, n bin ≡ Gm/a 3 is the binary's mean motion, andq ≡ ×ê is a unit vector perpendicular to bothê and. Formulated in terms of the perturber's true anomaly θ (and, again, averaged over the binary's mean motion), 1PN precession give rise to an additional term to the equations of motion, equations (2), which is given by
From equation (8), it is immediately clear that the 1PN term de/dθ diverges when integrating it from θ = −L to θ = L. Physically, this means that the amount of 1PN-induced precession is infinite over a time span corresponding to t → −∞ to t → ∞. Unfortunately, this implies that the procedure used in Paper I to compute Fourier coefficients based on the equations of motion directly cannot straightforwardly be extended to include the 1PN directly in the equations of motion. Another important implication is that the infinite precession of the binary corresponding to −L < θ < L implies that the orientation of the binary when the perturber passes the binary is ill-defined. Consequently, the 1PN terms give rise to an uncertainty in the problem -the initial argument of periapsis of the binary can no longer be considered to be a true initial parameter. Therefore, we will consider the statistical properties of the eccentricity changes over an ensemble of the initial arguments of periapsis, ω i , where we take the initial distribution of ω i to be uniform between 0 and 2π. The Newtonian predictions for the eccentricity change in this case can be straightforwardly computed from the analytic expressions derived in Paper I and in Section 2. Specifically, by expressing the scalar eccentricity change in terms of orbital elements and averaging over ω, we find that the mean and root-mean-squared (rms) scalar eccentricity change to TO in SA are given by (setting oct = 0 and E = 1 for simplicity)
∆e ω ≡ 2π 0 dω ∆e = 9 512 π 2 2 SA e 4 81e 2 − 56 cos(2i) + 39e 2 + 36 cos(4i) − 299e 2 + 124 − 9 4096 π 3 SA e 1 − e 2 cos(i) 176e 2 sin(2i − 4Ω) − 44e 2 sin(4i − 4Ω) + 854e 2 sin(2i − 2Ω) − 1001e 2 sin(4i − 2Ω)
− 854e 2 sin(2(i + Ω)) + 44e 2 sin(4(i + Ω)) + 1001e 2 sin(4i + 2Ω) − 176e 2 sin(2i + 4Ω) − 880πe 2 cos(2i − 2Ω) + 660πe 2 cos(4i − 2Ω) − 880πe 2 cos(2(i + Ω)) + 660πe 2 cos(4i + 2Ω) + 40π 49e 2 − 4 cos(2i) − 120π 11e 2 + 4 cos(4i) − 8084769π 2 e 4 + 241400e 4 − 228288π 2 cos(6i)e 2 + 7700 cos(6i)e 2 − 92016π 2 cos(8i)e 2 + 53800 cos(2i − 4Ω)e 2 − 375120 cos(4i − 4Ω)e 2 + 18520 cos(6i − 4Ω)e 2 + 503020 cos(2i − 2Ω)e 2 + 73640 cos(4i − 2Ω)e 2 + 202580 cos(6i − 2Ω)e 2 − 1558480 cos(2Ω)e 2 − 674400 cos(4Ω)e 2 + 503020 cos(2(i + Ω))e 2 − 375120 cos(4(i + Ω))e 2 + 73640 cos(4i + 2Ω)e 2 + 202580 cos(6i + 2Ω)e 2 + 53800 cos(2i + 4Ω)e 2 + 18520 cos(6i + 4Ω)e 2 + 27600π sin(2i − 2Ω)e 2 − 247200π sin(4i − 2Ω)e 2 + 68400π sin(6i − 2Ω)e 2 − 302400π sin(2Ω)e 2 − 27600π sin(2(i + Ω))e 2 + 247200π sin(4i + 2Ω)e 2 − 68400π sin(6i + 2Ω)e 2 + 7626288π 2 e 2 + 210200e 2 + 12 −69475 + 871678π 2 e 4 + 48825 − 948656π 2 e 2 + 185728π 2 + 20650 cos(2i)
− 100 −34 + 21045π 2 e 4 − 2 2381 + 21864π 2 e 2 + 13008π 2 + 4796 cos(4i) + 351744π 2 cos(6i) + 43400 cos(6i) 
Note that, when only the FO terms are included, ∆e ω = 0. In Fig. 6 , we plot the mean and rms scalar eccentricity changes as a function of Q/a (keeping a fixed while varying Q) for a system with m 1 = m 2 = M = 40 M , a = 1 , e = 0.999, i = 90 • , and Ω = −π/4. Shown are points each based on 20 integrations with different ω i , obtained by numerically integrating the SA equations of motion, equations (2), and the lines correspond to the Newtonian prediction, equations (10). The 1PN terms were excluded (included) in the left (right)-hand panels. In the numerical integrations, a finite range of θ should be specified; we integrate from θ = −0.95L to θ = 0.95L. We remark that the numerical results are converged with respect to the integration range.
In the Newtonian case, the numerically-obtained SA results agree well with the analytic results. Some deviation for the rms values in particular can be seen at very small Q/a, for which higher-order terms in SA become important. When the 1PN terms are included, the scalar eccentricity changes are consistent with the Newtonian results at small Q/a, in which case the rate of Newtonian perturbation is relatively strong compared to the rate of 1PN precession, i.e., 1PN terms are not important. As Q/a increases, the rms eccentricity change in particular shows a drop with respect to the Newtonian case. Also, the mean starts to fluctuate, and change sign. This can be attributed to quenching of the Newtonian torques due to rapid 1PN precession.
The value of Q/a for which 1PN terms start to become important can be estimated by equating the time-scale associated with the Newtonian terms with the 1PN precession time-scale. The former can be estimated by
Equating the latter to the 1PN time-scale implied by equation (7), we find for the critical Q/a for 1PN terms to become important
where the numerical value assumes the parameters in Fig. 6 , and which is shown in the latter figure with the vertical yellow dashed lines. It can be seen that the value of Q/a for which 1PN terms start to decrease the typical eccentricity change can be reasonably estimated with this equation. Alternatively, the regime in which the 1PN terms dominate can be estimated by equating the time-scale of the passage of the perturber to the 1PN precession time-scale. The former can be estimated as
where the numerical value again assumes the parameters in Fig. 6 , and which is shown with the vertical black dotted lines. Approximately, (Q/a) crit,2 ∼ (Q/a) 2 crit . Equation (13) gives a less conservative estimate for the value of Q/a for which the 1PN terms dominate; the rms ∆e is already significantly below the Newtonian value at Q/a = (Q/a) crit,2 .
STEADY-STATE DISTRIBUTION
In Paper I and in the previous sections, we considered in detail the effects of a single encounter on a binary. However, in dense stellar systems such as globular clusters, a typical binary will encounter a large number of perturbers. Although not all encounters will be of the secular type, it is still of theoretical interest to determine the steady-state distribution of encounters in the secular regime. More specifically, encounters are typically thought to give rise to equipartition, i.e., to a uniform distribution in phase space in terms of angular momentum. In other words, in this case, the distribution function f (E, L) is independent of L, where E is the orbital energy E and L is the angular momentum (note that L ∝ ). The probability density function (PDF) in energy and angular space, N(E, L), is related to the distribution function according to (e.g., Merritt 2013)
where P(E, L) is the orbital period. Therefore, if f (E, L) is independent of L (and if P is independent of L, which is the case for a binary), then the number distribution in angular momentum is N(L) ∝ L, which implies a (normalized) PDF in eccentricity
The well-known distribution in equation (15) is also referred to as a thermal distribution (Jeans 1919; Ambartsumian 1937; Heggie 1975) . However, it is not a priori clear if a uniform distribution in phase space is reached, and whether strong encounters or more distant encounters contribute to the steady state. Therefore, it is relevant to consider the steady-state distribution arising from secular encounters, which we address here using our analytic expressions for the scalar eccentricity change.
To determine the angular-momentum steady-state distribution, we consider the Fokker-Planck equation in angular-momentum space, which is given by (e.g., Merritt 2013, Section 5.1.1)
Here, R ≡  2 = 1 − e 2 is the squared normalized angular momentum 2 , and the brackets denote diffusion coefficients. The steady state is defined by ∂N(R, t)/∂t = 0, implying −N(R, t) ∆R + 1 2
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where C is a constant. Here, we consider 'zero-flux' solutions, i.e., C = 0. In this case, it is straightforward to show that the steady-state solution is (e.g., Hamers et al. 2014, Appendix D) 
where the prime denotes the derivative with respect to R. We compute the diffusion coefficients in R from our analytic expressions for ∆e. Generally, a diffusion coefficient x in some quantity x measures the change of x per unit of time. In our case, the unit of time corresponds to a single passage of a perturber; also, note that the time unit drops out in the integrand in equation (18). From the definition R ≡ 1 − e 2 , ∆R = −2e∆e − (∆e) 2 , where we retain the second-order term in ∆e. Subsequently, we compute the diffusion coefficients by averaging over all angles of the binary orbit relative to the perturber assuming isotropic orientations, i.e., 
In principle, when computing the diffusion coefficients, one should also average over all perturber properties, such as M, E, and impact parameters b. Here, we make the simplifying assumption of a single-mass perturber population, and parabolic orbits (E = 1). Also, we assume for simplicity that the octupole-order terms are negligible ( oct = 0). With regards to the impact parameter b, we take two approaches.
• In the first approach (1), we consider b to be fixed and therefore do not average over it, meaning that the results will be valid for a given impact parameter.
• In the second approach (2), we also integrate the diffusion coefficients over impact parameters assuming a distribution N(b) ∝ b. Since we consider fixed M and E = 1 (such that b = Q, where Q is the perturber's periapsis distance), this implies a (normalized) distribution of perturber strengths
where SA,1 and SA,2 are the values of SA corresponding to the strongest (weakest) perturber (i.e., smallest and largest Q, respectively).
Below, we state the results separately based on the expressions with the FO terms taken into account only, and also with both the FO and SO terms included. Due to their complexity, we do not include the TO terms here. Moreover, we find numerically that the addition of the TO terms does not significantly affect the steady-state distribution (see Section 4.3 below).
Steady-state distribution based on FO terms
In approach (1) (considering SA to be fixed) and including the FO terms in SA only, the diffusion coefficients are given by (assuming parabolic orbits, and oct = 0)
(∆R) 2 = 15 112
Applying equation (18), the implied zero-flux steady-state distribution in terms of the eccentricity is given by 
The distribution in equation (22) is nearly independent of SA , unless SA 10 −2 . To illustrate, we show with black solid lines in the left-hand panel of Fig. 7 the distributions (modulo a normalization factor) as a function of SA . In the limit of SA → 0, equation (22) reduces to the simple expression
In approach (2), when making the assumption SA,2 SA,1 , the implied eccentricity distribution is
This distribution is again weakly dependent on SA,1 , which is illustrated with the blue dashed lines in the left-hand panel of Fig. 7 . In the limit of SA,1 → 0, equation (24) reduces to the same expression as in approach (1), i.e., equation (23).
Steady-state distribution based on FO and SO terms
When the SO terms are included, the diffusion coefficients in approach (1) are given by ∆R = − 3 1120 π 2 (1 − R) 2 SA 3 625 + 8158π 2 R 2 2 SA + R 6776 − 24900π 2 2 SA + 100 75π 2 2 SA − 28 ; 
The general steady-state distribution implied by equations (25) is excessively complicated. Here, we simplify the expression by expanding N(e) in SA , assuming SA 1. To order 2 SA , the result is
Similarly to the FO result, this distribution is insensitive to SA , unless SA 10 −2 (see the right-hand panel of Fig. 7) . Taking the limit SA → 0, the (normalized) distribution simplifies to N(e) = 21 25 e −4/25 .
In approach (2) and assuming SA,2 SA,1 , the steady-state distribution is 
Monte Carlo results
To verify the distributions derived above, we perform numerical Monte Carlo (MC) experiments in which perturbers are continuously sampled assuming an isotropic orientation relative to the binary, and the effect on the binary eccentricity is computed for each encounter using our analytic FO and SO expressions (we also implemented the TO terms, but their inclusion does not significantly affect the steady-state distribution). Similarly to the analytic expressions, we assume a single perturber mass and parabolic encounter orbits. The masses are set to m 1 = m 2 = M, such that oct = 0. The inner and outer boundaries in terms of Q in the MC experiments are set to be 2 a and 80 a, respectively; note that the resulting steady-state distribution is insensitive to these values. The results are shown in Fig. 8 . In the left (right)-hand panels, we show results from the MC experiments in which the FO terms (FO and SO terms) were included. We set the initial eccentricity distribution of the binary to be thermal, i.e., N(e) = 2e, but we note that the final distributions are independent on the initial distributions (e.g., an initially uniform or delta function distribution). The FO and SO analytic predictions (assuming SA → 0 and SA,1 → 0) are shown in each panel with red dashed and dotted lines, respectively.
The analytic distributions are in agreement with the numerical results. In particular, with the FO and SO terms, the steady-state distribution is fairly flat, and well described by N(e) ∝ e −4/25 as derived above. Note that, in the case of the FO terms only, the analytic distribution, equation (23), diverges when integrating over eccentricities from 0 to 1; therefore, we normalized between two boundary eccentricities, e 1 and e 2 , and the normalization depends on the precise choices of these values (in Fig. 8 , e 1 = 0.01, and e 2 = 0.9999).
DISCUSSION
High-order terms
Having presented here higher-order terms compared to Paper I, a natural question is whether even higher-order terms can be important. In principle, fourth-order terms in SA can be derived using the same procedures. However, as hinted at in Table 1 , the associated number of terms is so large that analytic expressions, although explicit, can no longer be considered to be useful. Moreover, for the fourth-order terms to be important, SA must be close to unity, and the secular approximation in this case becomes questionable.
Higher-order terms could also be derived in the expansion of r/R (the next-order terms in the Hamiltonian are ∝ [r/R] 4 , and are known as the hexadecupole-order terms). This has been done for bound triples (e.g., Laskar & Boué 2010; Antognini 2015; Carvalho et al. 2016; Lei et al. 2018) , and higher-order multiplicity systems (Hamers et al. 2015; Hamers & Portegies Zwart 2016) . However, in most situations, these higher-order terms do not significantly affect the dynamics. Moreover, similarly to the above, higher-order expansion orders are only important for relatively large r/R, and in this case the secular approximation may no longer be adequate.
Steady-state distribution
In Section 4, we determined the steady-state eccentricity distribution based on our analytic expressions, and verified that our analytic results based on the Fokker-Planck equation are consistent with numerical Monte Carlo experiments. We found that the distributions based on the FO and the FO+SO terms are different from a thermal distribution. The natural question to ask is why this is the case. As discussed in Section 4, a thermal distribution results from equipartition in angular momentum. The latter argument does not make a distinction between strong and weak encounters, whereas in our analysis we considered weak (i.e., secular) encounters only. Moreover, in our treatment of the scalar eccentricity change, the perturber is not allowed to exchange angular momentum (nor energy) with the binary -the binary is perturbed by the third body, but the third body is not affected by the binary. This 'test particle' approach may be another reason for a steady state that is different from thermal.
The above results indicate that the more distant encounters give rise to a different steady-state distribution compared to 'all' encounters, which are also allowed to exchange angular momentum (and energy) with the binary. Of course, the latter situation applies to real clusters. Nevertheless, it is instructive to understand the individual contributions from 'weak' and 'strong' encounters, as the 'weak' type of encounters are typically ignored in studies of binaries in clusters (e.g., Samsing 2018; Samsing & D'Orazio 2018 .
CONCLUSIONS
In this paper, we extended previous work in which we analytically calculated the secular effects of a perturber moving on a hyperbolic or parabolic orbit on a binary system. In this approximation, the binary mean motion is much faster than the perturber's motion, and it is justified to average the equations of motion over the binary. The main results are given below.
1. Specifying to parabolic encounters, we derived expressions for the changes of the eccentricity and angular-momentum vectors of the binary to third order (TO) in the perturbation parameter SA (cf. equation 1), and including terms up to and including octupole order in the expansion of the ratio r/R of the binary separation r to the perturber separation R. The latter appear in particular for relatively close encounters, and unequal binary component masses (m 1 = m 2 ). Our methodology is based on Fourier expansions of the equations of motion and the eccentricity and angular-momentum vectors. Starting from the second-order (SO) in SA , this technique allows to incorporate effects associated with the changing eccentricity and angular-momentum vectors as the perturber passes the binary. The results are summarized in Section 2.2, where a link is given to a publicly-available P code which can be used to quickly evaluate the expressions. In Section 2.3, we demonstrated the correctness of the TO and octupole expressions, and illustrated the behaviour of secular encounters for parts of the parameter space.
2. We considered the effects of the lowest-order post-Newtonian (PN) terms, which (after averaging over the binary's orbital phase) give rise to precession of the binary's argument of periapsis. We were unable to find an analytic expression for the scalar eccentricity changes with the addition of the 1PN terms using the methodology of Fourier expansions, due to a divergence occurring in the integrated equations of motion associated with the 1PN terms. Physically, the latter corresponds to the infinite precession of the binary when considering an infinite time span, irrespective of the binary's properties (i.e., for any a, e, and m 1 and m 2 ). Nevertheless, we showed a numerical example of the quenching of the Newtonian perturbation on the binary when the 1PN are included, and the strength of the perturbation is weak (such that the 1PN terms dominate). We found that the transition between the two regimes (1PN terms not being important, and the 1PN terms quenching the perturbation) can be estimated using equations (12) or (13).
3. We determined the steady-state binary eccentricity distribution in response to the cumulative effect of secular encounters by computing the associated angular-momentum diffusion coefficients, and applying the Fokker-Planck equation. For simplicity, we restricted to the steady-state distribution according to both our first-order (FO) and second-order (SO) scalar eccentricity change expressions for parabolic encounters, and setting the octupole-order terms to zero (m 1 = m 2 ). We found that the steady-state distributions in both the FO and SO cases are weakly dependent on the perturber impact parameter, unless SA 10 −2 . In the limit SA → 0, we found that the steady-state eccentricity distribution is N(e) ∝ [e 2 (1 − e 2 )] −1 , whereas for the SO expression, we found N(e) ∝ e −4/25 . The FO expression is strongly biased to circular and highly eccentric orbits. The SO distribution, on the other hand, is much flatter, with some preference for circular orbits, and no high-eccentricity tail. We verified these analytic expressions numerically by comparing them to results from Monte Carlo experiments. 
